A robust aeroelastic optimization design methodology for hypersonic wings considering uncertainty in heat flux is presented and applied to a design process of a typical hypersonic low-aspect-ratio wing. An interval analysis method is used to perform the transient heat transfer analysis with uncertainty in heat flux within the newly developed aerothermoelastic framework. A genetic algorithm is used to build the framework for robust optimization, and it is also used to determine the critical thermal load case from an interval temperature field obtained using interval heat transfer analysis. Aerothermoelastic analysis of the hypersonic wing shows that the structure may bear a severely worsening thermal environment when there is uncertainty in heat flux during hypersonic flight. Not merely the average temperature, but also the temperature gradient distribution of the structure rises, which might make designs created using deterministic analysis methods unreliable. Optimization results show that the robust optimization design methodology can provide a relatively light structural design and simultaneously make sure it is capable of satisfying multiple constraints under severe thermal environments with uncertainty.
Introduction
Hypersonic flight is an active area of research motivated by interest in unmanned rapid response to threats and reusable launch vehicles for affordable access to space. 1) A hypersonic aircraft generally refers to a hypersonic flight vehicle whose flight Mach number is greater than 5.0 within or across the atmosphere.
2) Because of its crucial role in national strategy and extraordinary challenges, studies of aerothermoelasticity in hypersonic vehicles have drawn more and more attention.
The inherently complex nature of hypersonic flows makes it very difficult to simulate in both experimental ways and numerical ways. There are no wind tunnels capable of suitably testing scaled models of hypersonic vehicles. Furthermore, hypersonic aerothermoelastic scaling laws have not been realized for high Mach numbers.
3) Numerical simulations of aerothermoelastic problems with a high-fidelity model are computationally expensive, especially when it comes to optimization processes. Current aerothermoelastic analysis usually employs low-fidelity models based on simplifying assumptions of the physics and/or reduced-order modeling, which brings uncertainty into the analysis. The study of aeroelasticity with uncertainty embedded in the subsystems, such as the uncertainty in the modeling of structures and aerodynamics, has been a hot topic in the last decade. 4) Several approaches for propagating uncertainty in aeroelastic problems have been considered, such as direct Monte Carlo simulation, 5) polynomial chaos expansion, 6) real spherical ® computation 7) and stochastic collocation. 8) A vast amount of literature has placed emphasis on uncertainties in structures and aerodynamics, while few concerning uncertainties in aerothermal analysis can be found. Since the severe thermal environment encountered in hypersonic flight has a significant influence on the behavior and safety of hypersonic vehicles, it is necessary to take uncertainties in aerothermal analysis into account.
There are mainly three methods for solving uncertain problems 9) : namely, probabilistic analysis approach, fuzzy analysis method, and the set-based theoretical convex method. The precondition of the probabilistic approach is that the probability density function of uncertain variables is known. A fuzzy variable in the fuzzy analysis method is defined as a member of the fuzzy subset of a domain. Like the probability density function in the probabilistic analysis, the membership function is defined to describe the degree of membership to this fuzzy subset of each element in the domain. 10) The complex nature of aerothermoelastic problems makes it impossible to obtain an exact probability density function or exact membership function for the probabilistic analysis approach and fuzzy analysis method. Therefore, non-probabilistic methods may play an important role in aerothermoelastic analysis with uncertainties. Interval analysis, which belongs to the set-based theoretical convex methods, is an effective non-probabilistic method to deal with uncertain problems. Uncertain factors in this method are considered as interval numbers and corresponding arithmetic is defined. Only the upper and lower bounds of the uncertain factors are needed, which is much easier to obtain than other methods.
11)
The structural design and optimization of hypersonic vehicles are highly affected by their non-conventional shapes and dimensions, especially when the structures encounter severe thermal loads during flight. A severe thermal environment would lead to high thermal stresses, and a significant reduction in material strength and stiffness. Moreover, the reduction in structural rigidity requires a strong focus on aerothermoelastic deformations in the design and optimization of the aircraft structure.
13) Bhungalia et al. developed a thermal protection system design and optimization procedure for the Affordable Responsive Spacelift (ARES) Booster. 14) A novel global optimization strategy using adaptive radial basis functions based on fuzzy clustering developed by Zhu et al. was used to optimize a lifting surface.
15) The study of Sharifzadeh et al. presented how different sizing, analysis, design and optimization tools were coupled in designing the structure for long-term advanced propulsion concepts and technologies (LAPCAT) A2 vehicle and reported the results of optimizing the A2 canard and wing. 13) Research regarding the multidisciplinary optimization of hypersonic vehicles with uncertainties are relatively insufficient.
The general objective of this paper is to establish a robust aeroelastic optimization procedure for hypersonic wings in which the uncertainty in heat flux can be considered. An interval analysis method is used to perform transient heat transfer analysis with uncertainty in heat flux. A genetic algorithm is used to build the framework for robust optimization, and it is also used to determine the critical thermal load case from an interval temperature field obtained from the interval heat transfer analysis. A typical low-aspect-ratio wing is used as an example to perform the optimization procedure. As far as the authors know, interval analysis has never been used for hypersonic aerothermoelastic optimization problems. Moreover, there is little literature concerning the aerothermoelastic optimization problem itself due to the complexity of the problem.
Framework of Aerothermoelastic Analysis
An important requirement for designing hypersonic vehicles is accurately predicting the response to simultaneous application of intense aerodynamic heating and fluctuating pressures over long durations. 16) Additionally, the multidisciplinary nature of the aerothermoelastic problem requires inclusion of temperature-dependent structural statics/ dynamics, heat transfer analysis, and appropriate coupling mechanisms between each discipline.
17) The complicated hypersonic aerothermoelastic problem can generally be divided into three main parts: 1) an aeroelastic problem, 2) an aerothermal problem, 18 ) and 3) mutual coupling between and within the first two problems. The basic framework of the aerothermoelastic problem is shown in Fig. 1 .
Analysis Approaches
There are two key elements to model an aerothermoelastic system. One is the individual modeling of the fluid, thermal, and structural disciplines. The other is the modeling of complex couplings between each discipline. 17) Modeling approaches of each discipline vary from simple approximate theories to high-fidelity numerical approaches. The high computational cost of high-fidelity approaches typically makes them impractical for the complicated aerothermoelastic optimization problem over an extended trajectory. Therefore, the relatively feasible methods are chosen for each subject related to hypersonic aerothermoelasticity.
Aerodynamic pressure analysis
There are several methods to approximate unsteady hypersonic aerodynamics, such as the piston theory (PT), 19) Van Dyke second-order theory (VD), 20) shock-expansion theory (SE), 21) unsteady Newtonian impact theory (NI), 22) and lifting surface/panel approaches. 23) Among them, shock-expansion theory and local piston theory (LPT) 22) are used to constitute the hypersonic analysis process.
Shock-expansion theory is a simple method for determin- Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 3, 2017 ing various fluid quantities as the flow passes through shocks and expansion fans that occur on a given shape. The pressure coefficient from local piston theory can be expressed as:
where C p is the pressure coefficient, x is the spatial coordinate, t is time, Ma local is the Mach number of the local flow, v n is the surface normal velocity, a local is the acoustic velocity of the freestream flow, and £ denotes the specific heat ratio of the air.
Aerodynamic heating analysis
Reference enthalpy methods have been used extensively in approximate analysis to efficiently model the convective heating of aerospace vehicles. 24) Aerodynamic heating from the boundary layer is computed using Eckert's reference enthalpy method, 25) which is shown in Eq. (2):
where T Ã is the reference temperature, T e is the temperature at the edge of the boundary layer, T w is the adiabatic wall temperature, and T r is the recovery temperature.
The reference viscosity coefficient and reference density of the incompressible flows can each be computed using the reference temperature T Ã . Then, the reference Reynolds number, reference skin-friction coefficient and Stanton number can be obtained to further calculate the plate heat flux Q aero .
Thermal radiation effect must be considered since the surface temperature is rather high during hypersonic flight. The radiation equation is expressed as follows:
where · is the Stanford constant and ¾ is the non-black-body radiation emissivity. The net heat flux input can be expressed as:
Heat transfer analysis
The finite element governing equation of structural transient heat transfer analysis can be expressed as:
where M is the heat capacity matrix, T is the temperature vector, K is the heat conduction coefficient matrix, Q is the equivalent load vector, and the subscript t indicates that the equation is calculated at time t.
Static aeroelastic response analysis
The finite element governing equation of structural static/ dynamics in the physical coordinate is expressed as:
where M S is the mass matrix, q is the displacement vector, K S ðTÞ is the temperature-dependent stiffness matrix, and F is the load vector. The effect of aerodynamic heating on structural stiffness is considered 2) :
where K SS ðTÞ is the traditional temperature-dependent structural stiffness matrix and K SG ðTÞ is the additional geometric stiffness matrix caused by the thermal stress.
Time-marching schedule
An outline of the time-marching schedule for multidisciplinary aerothermoelastic problem is shown in Fig. 2 in which Át AE , Át HT and Át AT are the time steps of aeroelastic analysis, heat transfer analysis and aerodynamic heating analysis, respectively. Based on the nature of each subject and the structure characteristic of hypersonic vehicles, these time steps satisfy the following assumption for a dynamic structural response aerothermoelastic problem:
For a static structural response aerothermoelastic problem, the time steps of heat transfer analysis and aeroelastic analysis can be unified. Due to the high efficiency of the reference temperature method for aerodynamic heating analysis, update thermal boundary conditions can be as frequent as the other analysis, which makes Át AE ¼ Át HT ¼ Át AT . It should be noted that the time steps in the time-marching schedule for static analysis are the intervals specified for updating the thermal and structural boundary conditions between different subjects. They are different from the time steps in numerical methods for solving differential equations.
Uncertainty Analysis Method
A brief description of interval analysis is presented first. Then, the finite element equation of the transient heat transfer problem with uncertainty is derived in the interval form.
Interval number and its operations
In practice, no sufficient information on uncertainty can usually be obtained under extreme hypersonic fight conditions. Nevertheless, the boundaries of uncertain parameters Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 3, 2017 can often be defined relatively easily. 26) Interval numbers can be described as:
where a and a are, respectively, the lower and upper boundaries of the interval number a I . a c and Áa are, respectively, the mid-value and tolerance of the interval number a I . e ¼ ½À1; 1 is a constant interval number. Based on Eq. (9), the interval vector and interval matrix can also be defined in the same way.
The formula for the interval number is defined in Eq. (10):
¼ min xy; xy; xy; xy n o ; max xy; xy; xy; xy
As we can see in Eq. (10), the formula for the interval number is different from that of real number, which leads to different properties for them. One of the biggest differences is that as the calculation times increase, the tolerance of the interval number may increase rapidly, which brings difficulty to applying interval analysis.
Transient heat transfer analysis with uncertainty
For the structural transient heat transfer problem during hypersonic flight, the uncertainty may come from a variety of sources, such as change of material property, dimension error in structure and errors in heat flux. These uncertainties can generally be expressed as an interval vector:
where n is the number of interval parameters. Thus, the heat conduction coefficient matrix of the jth element of the entire structure K j can be expressed in the form of an interval matrix. By applying first-order Taylor series expansion and natural interval extension (i.e., which is to replace the real variables in the real-value function with the corresponding interval variables to obtain the interval-value function, and replace the arithmetic calculations with the corresponding interval calculation), the heat conduction coefficient matrix of the jth element can be expressed as:
With the help of assembly rules of the global matrix for the finite element method, the global heat conduction matrix can be expressed as:
where N is the number of elements. Substituting Eq. (12) into Eq. (13) yields 27) :
Similarly, the global heat capacity matrix and equivalent load vector can be expressed as:
Based on Eqs. (14), (15) and (16), the governing equation of transient heat transfer analysis can be rewritten in the interval form. By substituting the first-order backward difference for the differential yields:
where Át is the time step and 2 ½0; 1 is used to weigh the stability against the precision of the algorithm. Substituting Eq. (17) into Eq. (5) yields:
Then, by substituting Eqs. (14)- (16) into the equation above, we get:
where T c tÀÁt is the mid-value of the temperature interval vector at time t À Át, ÁT I tÀÁt is the tolerance of the temperature interval vector at time t À Át, and T tÀÁt ¼ T 
Omitting the high-order interval terms in Eq. (20) yields:
Thus, the upper and lower boundaries of the temperature interval vector at time t can be expressed as:
Optimization Framework and Model
With the aforementioned major components, a robust optimization method for hypersonic vehicles can be built. The overall optimization process can be conceptually divided into two parts. The first part is the genetic optimization algorithm in the outer loop, and the second part is aerothermoelastic analysis considering uncertainty in heat flux in the inner loop. The basic flowchart of the optimization process is shown in Fig. 3 , and the details are presented in the following section.
Robust aeroelastic optimization framework
Aerothermoelastic analysis for hypersonic vehicles is a multidisciplinary problem that involves complex coupling. Taking the effect of uncertainty into account can make the analysis even more complicated. Thus, consideration must be given to both the calculation accuracy and efficiency for optimization. The most feasible methods are chosen for such complex processes, and these are shown in Fig. 4 . The optimization process and detailed steps are as follows: 1) Define the optimization model, such as objective function, design variables, and constraints.
2) Determine the parameters of the genetic algorithm, such as the population size, convergence criterion, mutation and crossover probability.
3) Generate the initial population randomly. 4) Aerothermoelastic analysis is performed for every individual generated. The hypersonic aerodynamic forces are calculated using shock expansion theory and local piston theory first. Aeroelastic analysis is performed until the structure reaches the status of static equilibrium, and then aerodynamic heating is calculated using the Eckert reference temperature method. The structural temperature interval field is obtained using the transient heat transfer method described in Section 4.2, and then a genetic algorithm is employed to obtain the critical structural temperature distribution. Finally, steady-state heat transfer analysis using the FEM method is performed to update the structural stiffness matrix in the time-varying thermal environment. These analyses are performed in sequence within every time step until the designed time arrives. The structural responses over the entire hyper-sonic flight can be obtained.
5) Determine the base points of the optimization, which are the most possible critical thermal load conditions for hypersonic flight.
6) Compute the individual fitness information based on the responses at every base point from Step 5.
7) Determine whether the current generation satisfies the convergence criterion. If not, the next generation can be generated using the genetic algorithm, and the next iteration begins.
Even though the above-mentioned steps can generally constitute the entire optimization procedure, several key elements need further explanation.
The temperature interval field of the entire structure can be obtained using the interval heat transfer analysis in Step 4. The most severe thermal environment should be determined within the temperature interval field before any further analysis is performed to ensure flight safety. The hypersonic structures usually consist of two parts: thermal protection layer and structure layer. The main purpose of the thermal protection layer is to mitigate the high temperature experienced in hypersonic flight, and it has little effect on the stiffness of the structure. Thus, the most severe thermal environment for the thermal protection layer is the temperature field that maximizes the aerodynamic heating input. The aerodynamic heating analysis in Section 3.2 demonstrates that the aerodynamic heating input reaches a maximum when the wall temperature is minimized. This can be easily verified by some simple simulations performed on the wing structure. For the sake of conciseness and consistency, these simulations are not included in this paper.
The stiffness characteristics of the structure layer under a thermal load mostly relates to the temperature distribution in a non-obvious way. Thus, an optimization procedure based on genetic algorithm is adopted to determine the most severe temperature field for the structure layer. The design variables for this optimization model are the structural temperatures, and their domains are equal to the corresponding temperature interval. The objective function in this case is to maximize the thermal deformation at the wingtip.
A significant amount of computing time is required to obtain the most critical structural temperature distribution at every time step, especially when it comes to optimization. Due to the existence of a thermal protection system, heat accumulation in the structure layer is relatively slow. Therefore, the most critical structural temperature distribution is only calculated several times during the entire flight, while the critical wall temperature for thermal protection layer is calculated at every time step.
The individual fitness information is calculated based on structure response characteristics at several of the most critical load cases during the flight. In the current optimization procedure, this fitness information is evaluated at time steps when the critical structural temperature distribution is optimized.
Hypersonic wing model
The framework developed is applied to the low-aspectratio wing shown in Fig. 5 . 28) A thermal protection system consisting of an outer heat shield and middle insulation layer on top of the structure skin is used, as shown in Fig. 6 . The thicknesses of the heat shield and the insulation layer are both 3.8 mm. Design variables of the optimization model are the thicknesses of the structural skin. The finite element wing model for static, dynamic and thermal analysis is shown in Fig. 7 , with the top surface removed for the purpose of visualization. The mechanical and thermal properties of the three materials are given in Table 1 , where T-dep. indicates that the property is temperature-dependent. The temperature-dependent material properties are listed in Table 2 . Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 3, 2017
Description of the optimization model
The aerothermoelastic analysis is carried out in a cruise flight state for the wing model described in Section 5. The objective of the optimization is to minimize the wing structural weight. Design variables are the skin thicknesses of the windward and leeward sides on both the front and back surfaces (four design variables). The critical structural temperature distribution is optimized every 100 s, and then the individual fitness evaluation begins based on the structural response characteristics in the current load condition. When the cruise flight ends, the final individual fitness is calculated by taking a weighted average of all the fitness information from different time steps.
The constraints of the optimization are: 1) Vertical deformation at wing tip < 500.0 mm 2) Twist angle at wing tip < 3.0
3) Stress constraints for each structural element 4) Strain constraints for each structural element The parameters of the genetic algorithm in the outer loop are:
1) Population size ¼ 50 2) Crossover probability ¼ 0:7 3) Mutation probability ¼ 0:4 4) Unless the convergence criterion is met, the analysis is performed for 10 generations. The parameters of the genetic algorithm in the inner loop are:
1) Population size ¼ 50 2) Generation number ¼ 20 3) Crossover probability ¼ 0:7 4) Mutation probability ¼ 0:4
Results and Discussion

Optimization results
Robust aeroelastic optimizations with and without uncertainty in heat flux are carried out, respectively. The iteration history of the wing structural weight is shown in Fig. 8 .
The initial generations are randomly generated by selfcompiled genetic algorithm programs for both optimizations. As the optimization progresses, the weights of optimal solutions in each generation without considering uncertainty decrease relatively quickly. The weights of optimal solutions with and without uncertainty after 10 generations are 2,265.14 kg and 2,256.04 kg, respectively. Although the optimal solution without considering uncertainty is lighter, the stress constraint can't be satisfied when there is 10% uncertainty in heat flux. For the optimal solution considering uncertainty, all of the constraints are satisfied when the heat flux uncertainty is set to 10%.
For the optimal solution without uncertainty, the thickest structural skin is at the front surface of the windward side and the thinnest structural skin is at the back surface of the leeward side. The average thickness of the structural skin is 2.6 mm for the optimal solution without uncertainty. The Table 2 . Temperature-dependent material properties.
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Ren e 41 TIMETAL 834 structural skin thicknesses at the front surface of the windward and leeward sides increases the most when heat flux uncertainty is introduced to the optimal process.
Verification of the uncertainty analysis method
First, the robust optimal solution is used to verify the uncertainty analysis method in Section 4.2 using the Monte Carlo simulation method. Since a large number of experiments should be carried out for Monte Carlo simulation and the cruise flight case for a hypersonic wing is very time-consuming, a relatively simple case is proposed.
As shown in Fig. 9 , a constant heat input is applied to the optimal wing model. The structural temperature of the wing model is calculated using 500 deterministic Monte Carlo experiments and an interval method within 90 s, respectively. Uncertainty in heat flux is set to 10%. Point 1 and Point 3 at structural layer in 
Analysis of the optimal solutions
Some detailed analysis of the deterministic and/or robust designs is presented to show the necessity of robust optimization when facing uncertainty in heat flux.
As the vehicle cruises at hypersonic speed, a severe thermal environment and continuous heat accumulation can have a significant influence on structural modal and stiffness characteristics. This situation might be even worse when there is uncertainty in the system. The influence of uncertainties in heat flux (10%) on two main structural modals for deterministic and robust designs from optimization is shown in Fig. 13 . For the deterministic design, the frequencies of bending mode and torsional mode decrease by 2.02% and 1.87% at the end of cruising. When there is uncertainty in heat flux, these numbers become 2.23% and 2.05%. As for the robust design with uncertainty in heat flux, the percentage decrease is 2.14% and 1.91%, respectively, which are smaller than that of the deterministic design.
In general, uncertainties in heat flux would lead to larger reductions in modal frequencies and structure stiffness. However, the percent of decrease in modal frequency for robust design is smaller than that of deterministic design. This is an example that demonstrates robust design shows better adaptability and greater robustness than deterministic design when facing uncertainties.
A comparison of the structural temperature with and without uncertainty for robust design at different times is shown in Table 3 . The average structure temperature at 200 s with uncertainty is about 7.1 K higher than that without uncertainty. The maximum temperature is about 56.8 K higher while the minimum temperatures are basically the same. Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 3, 2017 As the hypersonic cruise goes on, the "heat accumulating effect" becomes increasingly severe: the average temperature at 600 s with uncertainty is about 26.4 K higher than that without uncertainty and the maximum temperature is about 189.1 K higher. A higher structural temperature distribution could lead to changes in structural modal characteristics and reductions in structure stiffness. A higher temperature gradient distribution could lead to worse thermal stress and deformation conditions.
The deformation and strain constraints are relatively easy to be satisfied for both deterministic and robust design in the current optimization scheme, while the deterministic design would fail the stress constraint when the influence of uncertainty in heat flux is not considered. This is because the robust optimization method takes possible extreme load conditions into consideration and proves that the robust design is not very sensitive to uncertainties. This is why robust optimization is necessary and so important.
In conclusion, uncertainty in heat flux has a great influence on the thermal environment and performance of hypersonic vehicles. It is necessary to ensure flight safety by employing a robust optimization method with multiple constraints.
The temperature distributions of both the upper heat shield layer and upper structural layer of the optimal solution at different times are shown in Figs. 14 and 15 , respectively. The initial temperature of the whole wing structure is 293.0 K. As the vehicle flies at hypersonic speed, the wing suffers from severe aerodynamic heating. The temperature of the heat shield soars quickly during the first 200 s of hypersonic flight, while the temperature rise in the structural layer is much slower due to the existence of a thermal protection system. The two fastest-heating regions of the wing are the leading-edge and trailing-edge, and the highest temperature appears at leading-edge for both layers. After another 200 s of hypersonic flight, temperature distribution on the wind- Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 3, 2017 ward side of the heat shield layer remains about the same, while the temperature on the leeward side increases slowly. Due to the high wall temperature of the heat shield layer, the input heat flux decreases quickly, which slows the rate of temperature increase in the structural layer. During the last 200 s of hypersonic flight, the temperature distribution of the entire heat shield layer remains about the same, while the temperature of the structural layer still increases slowly. In order to further analyze the influence of uncertainty on the structural thermal environment, three points of the structural layer are chosen as temperature monitoring points, as shown in Fig. 10 . As we can see in Fig. 15 , the temperature of the leading-edge point (Point 1) is the highest chord-wise, while the temperature rising at the mid-chord point (Point 3) is the slowest. The time history of the temperature intervals for these three points is shown in Fig. 16 . As the temperature of Point 1 increased rapidly, the radius of its temperature uncertainty gets bigger and bigger. However, the temperature rise at Points 2 and 3 is much slower. The huge temperature difference chord-wise causes critical thermal load conditions for the hypersonic wing.
The time history of the radius of temperature uncertainty with respect to the heat flux uncertainty coefficient for Points 1 and 3 are shown in Fig. 17(a) and Fig. 17(b) , respectively. As the heat flux uncertainty coefficient varies from 0.06 to 0.14, the radii of temperature uncertainty increase rapidly, especially for points with higher temperatures. This phenomenon might make the heat load conditions even worse after reaching the critical temperature field using the optimization method. In other words, the critical temperature field of the wing structure is sensitive to the heat flux uncertainty coefficient. More attention should be paid when determining the uncertainty coefficient.
Conclusions
An aerothermoelastic framework for hypersonic vehicles considering uncertainty in heat flux was presented first. Then, a robust aeroelastic design optimization procedure considering uncertainty in heat flux was developed in this paper. The following conclusions were drawn:
1) The newly developed transient heat transfer interval analysis method is effective for predicting the temperature interval when there is uncertainty in heat flux. This method can be used in the aerothermoelastic framework for hypersonic vehicles which takes the effect of heat flux uncertainty into consideration.
2) Hypersonic structures may experience severely worsening thermal environments when there is uncertainty in heat flux during hypersonic flight. An optimal solution using Trans. Japan Soc. Aero. Space Sci., Vol. 60, No. 3, 2017 nominal aeroelastic optimization might lead to structural failure when facing uncertainties.
3) The robust aeroelastic design optimization process for hypersonic wings considering uncertainty in heat flux was shown to be effective. It can provide a relatively light structural design and simultaneously make sure the design is capable of satisfying multiple constraints under severe thermal environments.
